Analytical solutions play a very important role in heat transfer. In this paper, the
Introduction
The non-linear phenomena play a crucial role in applied mathematics and physics. We know that most engineering problems are non-linear, and it is difficult to solve them analytically. Various powerful mathematical methods have been proposed for obtaining exact and approximate analytic solutions.
The homotopy perturbation method (HPM) was established by He [1] . Also, recently he wrote a note on the HPM [2] . The method has been used by many authors to handle a wide variety of scientific and engineering applications to solve various functional equations. In this method, the solution is considered as the sum of an infinite series, which converges rapidly to accurate solutions. Considerable research work has recently been conducted in applying this method to a class of linear and non-linear equations.
The HPM was successfully applied to boundary-value problems [3] , heat radiation equations [4, 5] , generalized Hirota-Satsuma coupled KdV equations [6] and non-linear *nCorresponding author; e-mail: yaghoobi.hessam@gmail.com coupled systems of reaction-diffusion equations [7] . Ganji et al. [8] solved three equations of a Fourier lumped system, temperature distribution of a fin and freezing of a saturated fluid through HPM and variational iteration method (VIM). Ganji et al. [9] developed the energy balance for a differential fin element and solved the resulting nonlinear differential equation by HPM and VIM. Khaleghi et al. [10] applied these methods to solve some non-linear classical heat transfer equations with variable coefficients. Rajabi et al. [11] used HPM to solve the temperature distribution in Fourier lumped system of combined convection-radiation and also a non-linear equation of the steady conduction in a slab with variable thermal conductivity. Ganji et al. [5] applied HPM to the equation of a lumped system with combined convection and radiation and the equation of heat transfer with conduction in a slab with thermal dependent conductivity. Sajid et al. [12, 13] proved that the perturbation and homotopy perturbation solutions for two problems namely unsteady convective-radiative equation and non-linear convective-radiative conduction equation are only valid for weak non-linearity. Chowdhury et al. [14] compared the homotopy analysis method HAM with the HPM and the Adomian decomposition method (ADM) to determine the temperature distribution of a straight rectangular fin with power-law temperature dependent surface heat flux. Fathizadeh et al. [15] solved convective heat transfer equations of boundary layer with pressure gradient over a flat plate using HPM.
More recently, Marinca et al. [16] introduced the optimal homotopy perturbation method (OHPM) for solving strongly nonlinear differential equations. He [17] solved a problem of a cooling fin of thin rectangular section projecting from a hot plate held at a fixed temperature by various analytical methods. Also, HPM has been used to evaluate the temperature distribution of annular fin with temperature-dependent thermal conductivity and to determine the temperature distribution within the fin by Ganji et al. [18] .
Many heat transfer researchers have attached much importance to the potentially feasible values of non-Fourier heat conduction in many applications, such as solidifying processes, surface thermal processing by lasers, temperature control of superconductors, laser surgery and freezing. Hence, non-Fourier heat conduction has become one of the noteworthy subjects in the field of heat transfer. The non-Fourier heat conduction equation has been experimentally validated for substances at very low temperatures, such as NaF at about 10 K [19] and Bi at 3.4 K [20] .
The pursuit of analytical solutions for the non-Fourier heat conduction equation is of intrinsic scientific interest. To the best of the authors' knowledge, there is no paper that has solved convective-radiative non-linear non-Fourier heat conduction by HPM. In this paper, the basic idea of HPM is described, then it is applied to the equation of convecting-radiating cooling of a lumped non-linear non-Fourier heat conduction system. Moreover, it was assumed that the specific heat is a linear function of temperature, and we have made a comparison with the numerical solution. The fourth order Runge-Kutta method has been used and considered as the numerical solution for validity of this method.
Basic idea of the HPM
To explain this method, let us consider the following function:
with the boundary conditions: where S is a general differential operator, f(r) -the known analytic function; B -the boundary operator, and G -the boundary of the domain W. The operator S can be generally divided in two operators, L and N, where L is a linear and N a non-linear operator. Equation (1) can be, therefore, written as:
Using the homotopy technique, we constructed a homotopy v(r, p) : W × ç0, 1ç® R which satisfies:
where p Î[0, 1], is called homotopy parameter, and u 0 is an initial approximation for the solution of eq. (1), which satisfies the boundary conditions. Obviously from eqs. (4) and (5) we will have:
We can assume that the solution of (4) or (5) can be expressed as a series in p, as:
Setting p = 1 results in the approximate solution of eq. (1):
The convergence of the solutions is discussed in [21] .
Problem statement
Consider the problem of combined convective-radiative cooling of a lumped system with low temperature. Let the system have volume V, surface area A, density r, specific heat c, and initial temperature T i . At t = 0, the system is exposed to a convective environment at the temperature T a with convective heat transfer coefficient of h. The system also loses heat through radiation, and the effective sink temperature is T s . Assume that the specific heat c is a linear function of temperature in the form:
T T (10) where c a is the specific heat at the temperature T a and b is a constant. The cooling equation and the initial conditions using non-Fourier heat conduction are: 
To solve eq. (11) we do the following changes of parameters:
After parameter change, the heat transfer equation will result in: (14) Fo 0, 1
For simplicity, we assume the case of q a = q s = 0. So we have: 
with the following conditions: 
Results and discussion
In this section we present the results with HPM to show the efficiency of the method, described in the previous section for solving eq. (16) . We consider different values of e 1 , e 2 , and Ve, and we compare our results with numerical integration results, obtained using a fourth order Runge-Kutta method. It is easy to verify the accuracy of the obtained results if we graphically compare HPM solutions with the numerical ones. Figure 1 shows the comparison between the present solution and the numerical integration results. Moreover, figs. 2 and 3 illustrate the results of HPM for different values of e 1 , e 2 , and Ve.
It can be deduced from fig. 2 that, the object with a lower Vernotte number reaches the equilibrium temperature sooner than the object with a larger Vernotte number. It can be clearly seen from fig. 3 as e 1 increases, the object needs more time to reach the equilibrium temperature; and from fig. 4 as e 2 decreases, the object needs more time to reach the equilibrium temperature. In this case, a very interesting agreement between the results is observed, which confirms the excellent validity of the HPM. As indicated in tab. 1, for small e 1 , as e 2 increases, the difference between the HPM and numerical results is more remarkable. But for larger e 1 and small e 2 , this difference is considerably large, and as e 2 approximately reaches e 1 , the error of the obtained results are reduced. It is worth nothing that a higher accuracy can be obtained by evaluating some more terms of the solution ) (Fo . Here, in the wake of the large third term of the solution, the results for two terms of the series are shown; however, the obtained results are calculated using three terms.
Conclusions
He's homotopy perturbation method has been successfully utilized to derive approximate explicit analytical solutions for non-linear convective-radiative non-Fourier heat transfer problem with a small parameter. The results show that this perturbation scheme provides excellent approximations to the solution of this non-linear equation with high accuracy and avoids linearization and physically unrealistic assumptions. This new method accelerated the convergence to the solutions. As shown in eq. (9), the homotopy perturbation method does not need a small parameter. Finally, it has been attempted to show the capabilities and wide-range applications of the homotopy perturbation method in comparison with the forth-order-Runge-Kutta method in solving heat transfer problems. 
